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Corrections to the classical Spitzer heat t_ransfer rate between ions and electrons are calculated for
the case when the ion temperature T; is significantly higher than the electron temperature T, . It is
found that slow electrons are partially depleted by their interactions with the ions, resulting in a
decrease in the heat transfer in comparison with the Spitzer rate, which assumes perfectly
Maxwellian electrons. The heat transfer steadily decreases from the classical value as T,/T,
increases; for T;/T, values of several hundred, the heat transfer rate drops to around 60%—80% of
the Spitzer result. A useful expression for the heat transfer correction factor in the case when
all of the ion species are at the temperature T, is found to be P:e/(Pte)Spltzer
~[1+(m/m; )(T/Te)]z"2 exp{ [3.5%; (Zzn dn)(m Jm)(T,/T )]2/3} This expression is quite
accurate for values of = (Z nin)(m,/m)(T/T,) less than about 50 (where m,, is the proton.
mass), although it underestimates the heat transfer rate for larger values of T/ Te , and one must
resort to the more accurate but more complex analytical results derived in the paper. In the event that
the ion distribution is non-Maxwellian, T; in the correction factor should be replaced by 2(E;)/3,

where (E;) is the mean ion energy. © 1995 American Institute of Physics.

I. INTRODUCTION

Rosenbluth'? has shown that natural interactions of elec-
trons with ions tend to cause a passive depletion of some of
the slow electrons which promote ion—electron heat transfer,
thereby decreasing the ion—electron heat transfer rate from
its classical Spitzer value.>* Unfortunately, Rosenbluth’s
derivation assumed that the ions were Maxwellian, the elec-
trons were nearly Maxwellian, and the ion thermal velocity
was much less than the electron thermal velocity. The object
of this study is to broaden the scope of the derivation to
cover even highly non-Maxwellian distribution functions and
temperature regimes in which the mean ion velocity starts to
approach the average electron velocity.

In addition to being a useful addition to the fundamental
plasma physics of ion—electron heat transfer, this study
should have several practical applications. One of the most
important applications lies in evaluating the performance of
advanced-fuel reactor concepts such as inertial-electrostatic
confinement fusion® and Inigma,6 which are intended to op-
erate with non-Maxwellian ions that are at much higher en-
ergies than the mean electron energy. If the ion—electron heat
transfer could be reduced appreciably from the classical
Spitzer value, the electron temperature, and thus bremsstrah-
lung and synchrotron radiation losses, would be substantially
reduced, and as a result the performance of such reactor sys-
tems would be significantly improved. L

Before the main results of the paper are presented, Sec
IT will offer a brief and fairly intuitive look at the ion—
electron heat transfer problem. Then Sec. III will present

present mailing address: c¢/o 501 West A St., N. Little Rock, Arkansas
72116.

Phys. Plasmas 2 (6), June 1995

1070-664X/95/2(6)/1873/13/$6.00

much more detailed and rigorous calculations which should
give a good description of the problem under a wide array of
possible conditions (e.g., various types of ion velocity distri-
butions, temperature ranges, etc.). Finally, Secs. IV and V
will apply these general results to the specific cases in which
the ion distributions are Maxwellian and monoenergetic, re-
spectively, and derive simple approximate answers as well as
more accurate analytical results.

Il. BACKGROUND

‘Before presenting a detailed analysis of the ion—electron
heat transfer problem, it is worthwhile to consider the more
qualitative results offered by a much simpler model.

The energy exchange time between a test particle of ve-
locity v and background particles with a Maxwellian veloc-
ity distribution characterized by the thermal velocity M

= \2T'/m’ is defined* as

m?y3
= T6nZ22 %% A
(v/v])?
*Terk(or0]) — (ol )ert (0101’ W
in which the error function is
erf(w)= — fwe-W’z dw’, 0
v Jo©

the definition erf’(x)=d[erf(x)]/dx has been made, and in
all other cases the primes denote the background palticles as
opposed to the test particle.

One finds the following electron—lon collision time r&
and electron—electron collision time ¢% for electrons of ve-
locity v in the limit v;<€v<v,,:
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In the case of electrons for which & <%, collisions with the
ions will tend to have a greater effect than collisions with the
faster electrons. As may be seen from the energy exchange
times, this constraint is satisfied for electrons whose speeds
are less than a certain critical velocity v,

3w Zin, ,

= UL = U (5)

3
v <<
4 n,

Now the form of the modification to the Spitzer heat transfer
rate may be obtained in a straightforward and intuitive man-
ner. The power transferred from the ions to the electrons is
essentially proportional to the number of electrons moving
more slowly than the ions. Since it is assumed that v,;<v,,,
the energy transfer rate P,, will be proportional to f,(0), the
value of the electron velocity distribution at v =0.

For v >v, electron—electron collisions dominate and the
electron distribution assumes what is essentially its usual
Maxwellian distribution,

2
fe(u)ocexp( —Uif) (for v>0v,). ©)

te
On the other hand, below the critical velocity the dominance
of collisions with ions tends to upscatter some of the elec-
trons to higher energies and thereby flatten out the electron
distribution at a constant value, namely its value at the criti-

cal velocity:
2

fe(v)OCexp( — :—zc) (for v<v,). @)

te

Since P;,«f,(0), one may see that the actual heat transfer
rate in comparison with its classical Spitzer value is

2
qup( _ ”c)
(Pie)Spitzer _17;

=expj — Czizni me It " (8)
P n, m; T, ’

While the above -calculation yields a value of C
= 3\/;/4. the true value of C cannot be found from this
simple calculation. This limitation is caused by the uncer-
tainty in the precise velocity at which the electron distribu-
tion may be considered to flatten out. All that can be said for
now is that C appears to be a constant of order unity.

Having taken this first enlightening look at the problem,
one may now appeal to more detailed calculations to ascer-
tain the accuracy of this initial computation, determine the
actual value of C, and extend the analysis to other cases not
covered in this simple example.

It should be remarked from the outset that only colli-
sional interspecies energy transfer will be considered. Vari-
ous instabilities which might be driven by substantial devia-
tions of the plasma from thermodynamic equilibrium and
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which would further promote energy transfer will be ignored;
thus these calculations will serve to set a lower bound on the
ion—electron heat transfer rate.

Hl. GENERAL DESCRIPTION OF THE PROBLEM

In this section will be presented a description of how the
Fokker—Planck collision operator may be applied to the
present problem in order to obtain the equilibrium particle
distribution functions and the interspecies energy exchange
rate.

A. Rosenbluth potentials for general isotropic
distributions

Consider the distribution function £, for a given particle
species «; the distribution function is normalized such that

f d*v f(V)=n,. 9)

As presented by Rosenbluth,”® the collisionally induced evo-
lution of the particle distribution functions is governed by the
Fokker—Planck collision operator,

o a !
(7) =T E Faﬂv".{favvhaﬂ— 2 Vi (faVyVigap)
col B

= Cop=—Vy 2 Jap. (10)
B B

in which C 4 is the collision operator just between two spe-
cies « and B, J,p is the collisional velocity—space flux, the
sums over all B include S=¢,
r AmZiZpe* In A i
=,
ap m>, ( )

and the Rosenbluth potentials &, and g,z are defined as

_metmg [ falu)
haﬂ(v)— f d’a Iv__ “‘ ; (12)
8a5(")—=—f d*ufp(u)|v—ul, (13)
with the useful relation
my+mg
haﬁ=(TB Vigap- (14)

For isotropic velocity distributions, the Rosenbluth potentials
may be rewritten, as shown in Eqs. (A1) and (A2) of Appen-

dix A, producing the results:
v u2
J'o du fﬂ(u)<—v——u

+ fo du fB(u)u}; (15)

mytng
haﬁ(v)=477(——m—;—)
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4ar | fv ut ,
8ap(v)=—§" fo du fg(u) 7+3u“v——3u3—uv2
+f:du fﬁ(u)(uv2+3u3)}. (16)

B. Interspecies heat transfer rate

Define the rate of energy transfer per volume from the «
species to the 3 species to be P,p:

Pop= fd3 (1 myu? )c,x,,. 17)

By using the definition of the Fokker—Planck collision op-
erator and integrating by parts, one finds
Mg
i .
my+tm B) @B }

18)

For isotropic velocity distributions the energy transfer be-
comes

Paﬂ=—maraﬁf d3Vfa[V-vvhaB+(

Pa,3=64'n'3Zizze4 In AJ dvv?® £,
0

X

1 f du fa(u)u —wj du fg(u)u|.

mBU

(19)

C. Equilibrium distribution functions

With the aid of Eq. (14), the collision operator between
two species may be rewritten as

I

(V)

SEﬁ[Z (mg /m,;)(l/vz)fo dv fB(v’)v'z]

m,
ST f av haB
(20)
For isotropic distribution functions the collision operator is

B R L R N
aB™taB 2 55 Y 12 v av? mytmg’® v

1,‘ [T
Ca,8=raﬁvv'[5 (Vifa) 'vvvvgaﬂ_

m~. v v dv 3

16725 Zge* nA 1 9 [af,,

1 (o ' w
X ;}—gfo dv’f,;(v')v’4+ Ldv’fﬁ(v’)v’}

Mg
+fa—

mﬁU

dv falv’ )v’z} (21)

Therefore, the collisional velocity—space flux from Eq. (10)
is found to be
_16m°Z3Z5e* ln A { fa 1

Jap= m> v 3

[24

1 (v oo ‘
X ;yfo dv’ f,;(v’)v’4+fv dv’ fﬁ(v')v'] _

vy el f”du' fﬁ(u')u"l]e, (22)
mﬁ v° Jo

where v denotes the “radial” direction in velocity space.
Assuming that there are no external forces or spatial gra-
dients, for f, to be in equilibrium one must have

- (9f o/ 91) ;. =0. For isotropic velocity distributions, this re-

quirement reduces to 2z J,5=0, or equivalently

(9 _fa(v)

For the case of electrons interacting with ions, the electron
distribution function will acquire a quasiequilibrium shape
while its mean energy is still in the process of changing due
to energy exchange with the ion species. Therefore, one may
use Eq. (23) to find the electrons’ “equilibrium” distribution
function f,, which may then be used in Eq. (19) to arrive at
the rate of interspecies energy transfer.

Note that f,(v) cannot increase with increasing v in any
range of velocity space if the distribution is to be held in
equilibrium (or quasiequilibrium) solely by collisions with
other species (even if those other species have fixed and/or
npon-Maxwellian distribution functions). Thus one cannot
“dig a well” in the electron distribution to cause a radical
depletion of the slow-moving electrons which draw energy
away from_ions, unless one resorts to particle sources and
sinks, externally applied electromagnetic fields, transient op-
erating conditions, etc.
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[(103) [ dv' Sg Zafsv')v"*+ 7 dv’ zﬁzﬁfﬂ(u')v']"

(23)

IV. ION-ELECTRON HEAT TRANSFER FOR
MAXWELLIAN IONS

In this section the general ion—electron heat transfer for-
mulas of the previous section will be applied to the specific
case in which the various ion species which are present have
Maxwellian velocity distributions.

A. General heat transfer for Maxwellian lons

For Maxwellian ions with = thermal velocnty Uy
= 2T;/m;, the distribution function is

. ’ 2\.

v .

fi0)= s exp( ~ ) | @4
ti . L

It is assumed for the time being that different ion species in

the plasma may have different temperatures.. .

Substituting Eq. (24) into the expression for the ion-—
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electron heat transfer, Eq. (19), and integrating by parts, one
finds that the power per volume transferred from the ions to
the electrons is
2
. s a T s O Zini
Pie=16m"e"In A | dvo” fo(v) 2 ——
0 PR

2 m; 1 ( 02) 1 rf(v)] 25)
————exp| —— |~ —erfl —]| 1.

\/; Mg Uy P U,Zi v Uy

Now one needs to find the equilibrium electron distribution
function f,(v) to use in Eq. (25) for the heat transfer, By
substituting (24) into Eq. (23) and again employing integra-
tion by parts, the differential equation determining f,(v) re-
duces to

X

af.f 1 fv 2 (o

;veiﬁ Jo dv’fe(v’)v"‘—? Jodv’fe(v')v’

~

v? (=
+—J dv’ f.(v')v’
3 Jo

2 B2l

Uy Uy ti

Zn;, m (26)
e

+fe<v>“”dv'fe<v')v'2+2 S

0 i
ﬁ v v? —0
v, exp ?{; =

for the case of electrons in the presence of multiple Maxwell-
ian ion species.

If Eq. (26) is solved numerically and its solution for the
equilibrium f,(v) used with Eq. (25), one will find the exact
value for the heat transfer to electrons from Maxwellian ions
for any choice of parameters. However, to obtain useful ana-
Iytical expressions and simplified numerical results, further
approximations are required.

One should also note that by using Eq. (25) and assum-
ing that the electrons remain perfectly Maxwellian (and al-
lowing the ratio of ion and electron temperatures to remain
arbitrary), the result first found by Spitzer™* may be ob-
tained:

n;

X

a\2amm,Zie*nin, In A

(m,~T¢,+meT,»)3"2

(Pie)Spitzer= (T,— Te)' (27)
This classical Spitzer energy transfer rate will serve as a
useful basis for comparison with the modified rate described
by Egs. (25) and (26).

B. Modification of Spitzer ion—electron heat transfer

If the electrons moving more slowly than the ions are
partially depleted due to energy upscattering from the ions,
the heat transfer rate will be less than the Spitzer result. To
examine this effect, it will be assumed that the ions are Max-
wellian and are moving significantly more slowly that the
electrons, but the electron distribution will not be assumed to
be Maxwellian. This calculation will produce a modification
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factor to the Spitzer heat transfer rate which will reduce to
the answer obtained by Rosenbluth'? in the proper limit.

1. Relationship between slow electron depletion and
reduction of ion—electron heat transfer

Before proceeding with the main line of the derivation,
one of the key arguments used in the more intuitive analysis
of Sec. II will now be confirmed; in particular, it will be
shown that the ion-eleciron heat transfer rate is essentially
proportional to the number of electrons moving more stowly
than the ions, or in other words approximately proportional
to f.(v=0).

For v,,>v,; one may assume that the electron distribu-
tion shape is governed by electrons with velocities v such
that v »v,;; therefore, Eq. (25) becomes

16m?Zie*n; n A [ T, fxd
e m; 'r;:fe(o) 0 Ufe(U)U .
(28)
For Maxwellian electrons Eq. (28) reduces to
1672Z%*n; In A
Piez(Pie)Spitzer:' mm, (T;~ Te)
X[fe(o)]Maxwelli:m . (29)

Equation (29) is clearly the v, >v,; limiting form of the full
Spitzer result of Eq, (27). Assuming that the electrons do not
deviate too much from a Maxwellian distribution, then one
may use

% Te
f dvv f.(v)=~—f,(0) (30)
4] m,

in Eq. (28). Dividing the resulting expression by Eq. (29)
produces the result

Pie N(Ti/me)fe(o)'(Te/me)fe(o)
(Pie)Spitzer (T =T ) m ][ fe(0) Imaxweltian

_fl0)
[fe(o)]Maxwel]ian '

Because substantially non-Maxwellian electron distributions
will arise only when T;>T, (causing interactions with ions
to interfere strongly with the electron distribution), the cor-
rection to the Spitzer rate will reduce to (31) even when the
assumption underlying Eq. (30) breaks down:

Pio __ (Tim)f0)  fd0)
(Pie)Spitzer (Ti [me)[fe(o)]Maxwellian [fe(o)]Maxwellian ’
(32)

@1

Therefore, when the electron distribution function is altered
so that fewer than the Maxwellian number of electrons have
very slow speeds, the heat transfer rate is reduced accord-

ingly.
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2. Derivation of electron distribution and heat
transfer

Consider electrons with wvelocity v such that
v;<v<€p,,. In this case, one may make the approximations
exp(—v*/v%)—0 and erf(v/v,;)—1 in Eq. (26).

Using these approximations, the differential equation for
the electron distribution becomes

if‘;’l'“ Zlnl’ T; 1 f“"a ]
|2 TS 3 o W S|

+ 1 [vg’ 0 Z Z,zn, me}_ 13

FFev) Sz | 5 f0)+ Ryl ) (33)
L : "] ,

_ Assuming that the electrons are nearly Maxwellian so that

Maxwellian values may be used for the electron-related

guantities within the brackets, one obtains

VoL | g [Ty ZmT 1o

du m, 2 i Re My ne
+ 5+3 Zinme [T\ =0. (34
vfe v . m; vme - ( )

The form of Eq. (34) suggests that one define a critical ve-

locity v, for the electrons as
Z n;
vi=3 \/— 2 \/ L

3f’

vnv e (33)

Pie \/"‘“ T, m, T; 372 f
(Pie)Spitzer~ 2 ( T)(l‘i‘—WTl- z) dUU exp| —
2 mz 3/2\/T-e
<\ \m) Vrewlr

Note that v~wv,; corrections have been retained so that the
correct Spitzer rate will be recovered for v2—0.

3. Useful approximate answer

A simplified answer can be extracted from Eq. (38) by
analytical means.

In the first integral of Eq. (38), the integrand is appre-
ciable only for v of the order of v,; or smaller, so one may
assume that v and v’ are of the order v,; and thus much
smaller than v . In this limit the integral becomes .
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,—U Uy
i v;'i v vtt

vdv'v
Hf dvv? exp[ T
e Jo

This definition is the same critical velocity which was found
in the introductory section. By using the critical velocity and
assuming that all of the ion species are at the same tempera-
ture T;, Eq. (34) may be solved to find f,(v):

e [vdv' 0" Q@ H(TIT)v?)
fe(v) fe(O)CXp[_n‘Lfo 2 (vl3,+v3) 2

(36)

One may find f,(0) from the normalization condition in Eq.
(9). It should be realized that the derivation of this distribu-
tion function assumed that v,;<v<€v,,.

The integral in the exponent may be evaluated:’

Jv dv’v’(v'3+(Te/Ti)vg)

0 (v"3+0v7)
1 ) /1 Te\ 3 (v dv'v’
B A U L e
=102+ 1‘__7:5 ﬁ _1. n (U+v°)2 -
2 312 |vi-vv ol

-3 tan”‘(%) -3 tan'1<—2—3§£€)}. (37)

It is clear from Eq. (37) that in the classical limit (v, —0)
the distribution function becomes the usual Maxwellian.

Now the electron distribution function found above may
be used in the expression from Eq. (25) for ion—electron heat
transfer in the presence of Maxwellian ion species. Making
this substitution and dividing by the Spitzer energy transfer
rate from Eq: (27), one obtains

Jv dv'v' "3 H(T,IT)vl)
0 (v"3+0))

@+ (T T ]!
(v"3+0vd)
(38)

m, f dv'v' ("3 + (T, IT;)v?)

dvv? exp| — —
fo R B A (" +v))

X ﬂ 3/2\/526)( (—T—vz
m, T; P Uy

® m
%f dov? exp{—(1+———e
SO m;

T;
SUge (39)

e

E

H

221 2 m s
Utz T T;

The integrands of the remaining integrals in Eq. (38) are not
restricted to the v~uv,; velocity range [they do not have the
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exp( —v? U}Z;) term], so in general the electron velocity v in
these integrals extends to the order of v,,, or much larger
than v,.. In this limit, the integral in the exponentials of these
terms may be approximated by using Eq. (37), so that

JD a’v’v'(v’3+(T¢,/T,-)vc3) 1, ( Te) , 27
v

aaioall /A 67;.

0 (v +v2) 2
(40)

Therefore the remaining integrals in Eq. (38) may be ap-
proximated as

T;

ros TR
J dvv v erf(i)
0 e Uy
{ e [v du’v’(v'3+(Te/T,~)vi)}
XCXP\ 'Z—: Jo (D'3+U3)

(1)

f dvu
0

_ 2@ (1 Te) mevf
Ve EXP NG} | T
2

_ I—e—ex 2w 1_2 mevf .
Ve m, P m Ti Te -’
fw , { m, fv du’v’(v'3+(Te/Ti)v§)}

0 ("3 +vd)
2 | T, meui jwd ) mev2
B R o B S P T
2 \m, Pl35s T, T, |’

Using these approximations, Eq. (38) becomes

(42)

m, Ti 372

._._Pie__.% 1+
(Pie)Spitzer
20 Zinym, T;\ 3
Xexp{~(~3572 —l*—lm—e%—') )
i

(43)

where some corrections of order v”/v2, have been neglected
in the asymptotic evaluation of the integrals.

For the case in which only one ion species is present
(Z;n;=n,) and the temperature ratio T;/T, remains moder-
ate, this expression clearly reduces to precisely the answer
obtained by Rosenbluth:?

(Pie)Rosenbluthazl_(2772 7 e 2) an 44)
(Pie)Spitzer 35 ! m; Te )

It is useful to realize that 277%/3%#~5.000.

Now the significance of this work may be seen. While
Rosenbluth’s answer is just an expansion valid for 7; not
much larger than T, (and indeed takes on a nonphysical
negative value if one chooses T,/T, to be sufficiently large),
the result presented in Eq. (38) and even the more approxi-
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FIG. 1, Electron distribution for pure hydrogen (‘H) plasma with (a)
T/T,=1, (b) 10, {c} 100, and (d} 1000.

mate one of Eq. (43) are considerably more accurate, and
they give sensible answers even for large T,/T,. The accu-
racy of Eq. (38) will next be demonstrated by numerically
integrating this expression and comparing the result with the
output of a Fokker—Planck code for a wide range of T/T,
values.

4. More accurate answer via numerical integration

Mathematica'® has been used to plot the normalized dis-
tribution function from Eq. (36) for various values of T,/T,
(with Z;=1 and A= for all of the curves). Figure | shows
the plots for T/T,=1, 10, 100, and 1000. As may be seen in
the figure, the flattening of the electron distribution at small
velocities becomes more pronounced as the temperature ratio
increases, as expected, [Some of the approximations made in
obtaining Eq. (36) begin to break down for T/T,= 1000,
but the general appearance of the distribution function at
these parameters is still highly revealing.]

The correction to the Spitzer rate as described by Eq.
(38) has been calculated via numerical integration with
Mathematica. The resulting graphs are shown in Figs. 2-4
for the cases in which the plasma consists of pure light hy-
drogen, pure deuterium, and pure helium-3. These results for
the case of Maxwellian ions are contrasted in the graphs with
the results for the case of monoenergetic ions, which will be
derived in the next section.

As may be seen in the graphs, the correction factor be-
gins to level off for large T,/T,. This behavior is to be ex-
pected, for if one continues to hold the ion distribution per-
fectly Maxwellian and redefines T, to be 2/3 of the mean
electron energy (even when the electron distribution be-
comes non-Maxwellian), the ion-electron heat transfer
should return toward the 7,/T,—o Spitzer rate for ex-
tremely large values of T,/T, (when v,z,»>vtze, so the ion ve-
locity is the dominant determinant of the relative collision
velocity). At T,/T,= 1000, this upward return back toward
the Spitzer formula has not yet begun {except for the case of
light hydrogen with monoenergetic ions, as shown by curve
(a) of Fig. 2], but the correction facior is beginning to level
off in preparation for the upward tum.
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FIG. 2. Correction factor to Spitzer ion-electron energy transfer rate for pure
hydrogen (*H) plasma as a function of T/T, : (a) monoenergetic ions, (b)
Maxwellian ions, (c) approximate answer from Eq. (45).

Along with the plots based on 'Eq. (38), Figs. 2—4 also
present graphs of the more approximate but more readily
usable answer,

Pie

(Pie) Spitzer

(45)

Note that the coefficient in the exponent has been changed
from the previous approximate value of 5.00 to the present
value of 3.5 in order to match the complete results more
accurately over a wider range of values of T,/T,. As one

1000
TiTe

FIG. 3. Correction factor to Spitzer ion—electron energy transfer rate for
pure deuterium plasma as a function of T/T, : (2) monoenergetic ions, (b)
Maxwellian ions, (c) approximate answer from Eq. (45).
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TifTe

FIG. 4. Correction factor to Spitzer ion—electron energy transfer rate for
pure helium-3 plasma as a function of T/7T,: (a) monoenergetic ions, (b)
Maxwellian ions, (c) approximate answer from Eq. (45).

may see in the graphs, this approximate answer matches the

full analytical resuits quite well for temperature ratios such

that

Z%n.

=S n;m
i

tp
ne m;

(46) -

Ti <50
T, '

in which m,, is the proton mass.

Figure 5 again shows the numerically integrated result
for the case of deuterium with a Maxwellian ion distribution,
but now that curve is compared with the results obtained by
Galambos'""'? using the FPPAC Fokker—Planck code.’>1 1t
may be seen that there is fairly good agreement between the
present analytical results and the code results for the heat
transfer rate. Methods for obtaining even more precise ana-
lytical expressions for the energy exchange rate are discussed
in Appendix B.

1
[ J
0.8 |
L
g 0.6 |
&
2
[
5 0.4
a.
0.2 |
0
1 10 100 1000
TilTe

FIG. 5. Comparison of analytical result from Eq. (38) (line) with code
results (points) from!"'2 for deuterium with Maxwellian ion distribution.
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MONOENERGETIC IONS

Now the heat transfer will be calculated assuming that
the ions all have velocity v;, or energy E,=m»?/2. This
calculation is relevant to the evaluation of Iusnon concepts
such as those proposed by Bussard® and Maglich,® which are
intended to operate with nearly monoenergetic ion beams
that have energies much greater than the mean electron en-
ergy. (In spherically convergent systems of the type proposed
by Bussard, the density generally varies as roughly 1/r%,
where 7 is the radial distance from the center of the sphencal
plasma.® Therefore most of the collisions occur in the dense
central region, where particles are coming from and return-
ing to all directions, and so the assumption of isotropy made
in the present calculations is valid. Anisotropy could be a

13 al
more serious concern in Maglich’s migma configuration,® al-

though the present isotropic calculation may be considered a
first-order treatment of the plasma behavior in that device.)

A. Derivation of electron distribution and heat
transfer

For isotropic but monoenergetic ions, the distribution
function is

Fi0)= foor 8=, 7

By substituting this distribution function in Eq. (19), the
power per volume transferred from the ions to the electrons
is found to be

272 4 1 ve [ ' r2
P,.=16mZen; In A moo; Jo dv' f{v'v

l ©
—;ifvidv'fe(u’)v’}. (48)

Using the monoenergetic jon distribution together with the
earlier general formula for the equilibrium electron distribu-
tion function, Eq. (23), one obtains

af. 111 fv . Z2n, s
L ’ Ny '+ 2 —y.
70 3 [p Odv Sfe(v' v 2,- ypm——: v;0(v—v;)

x Z2n;
+L dv' f.(v')v'+, 47:)_ e(vi—v)}Jrfe(v)

47rm

fdv Folv' )u'2+2

lmel
—79(:) v)}

=0. (49)

For v; substantially smaller than v,,, the electron distribu-
tion will be governed by the equation for the overwhelming
majority of the electrons which have v>v;, so one may set
©(v—v)=1 and O(v;,—v)=0 in Eq. (49) in order to find a
good expression for f,(v). However, if v; is comparable to
V., phenomena occurring on both sides of v=v; must be
taken into account.
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B. Useful approximate answer

For electrons with v,,>v>v;, Eq. (49) may be approxi-
mated by

{?f'e [ tznl Ulz 1 = 1
— ! 14 ’
v[iﬁ SJdvfe(v)vJ

1 l e
m;;[ £(0)+ 2 Z] 0. (50)

i

Note that this equation for electrons interacting with mo-
noenergetic ions is exactly the same as Eq. (33) for electrons
interacting with Maxwellian ions in the corresponding veloc-
ity range (v,,>v>v,;), provided that one uses v%—20%/3,
or T;—2E;/3.

Accordmgly, the critical velocity for the electrons is now

defined as
Zzn E; [T,
— (51)
m,» m

€

Similarly the electron distribution function is

m, j‘v dv'v' ('3 + YT, /IE)v)
Te

ne
fe(v)=ﬁexp[_— 0 (vl3+vg)

o

X dv'v'?
0

o' AU+ T, IE)v?Y) ] ]ﬂ
(v"3+vg)
(52)

The power deunsity transferred from the ions to the elecirons
may be approximated as

1617222e4n In A 2 E; =
Pieg fe(o) fO dv fe(U)l) i

m;
(53)

This expression is identical to Eq. (28) provided that one
again makes the identification T;—2E,/3. Because of the
exact correspondence between Egs. (50) and (53) and their
predecessors in the Maxwellian ion case, the Maxwellian
results may be used here, provided the proper substitution is
made for the ion temperature in each case.

By analogy with the earlier Maxwellian results, a useful
approximation for the heat transfer is (taking the numerical
coefficient in the exponential to be 3.5.2/3~2.4)

2m, E\3?

P
| = —
(Pie)Spitzer 3 my; Te

2
Xexp[—-(242 Zins :?) J
(54)
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C. More accurate answer

By using the electron distribution function of Eq. (52) in Eq. (48) and dividing by the Spitzer rate, a more- accurate

expression for the correction factor is found to be

P \/:; T (
o — 1+
(Pie)Spitzer 2 (%Ei_ Te)

« m, f dv'v' "+ T, /E)v?)
e B (v"3+0v2)

372
2 m, Ei

3mi Te

Mathematica was again employed in order to numerically
integrate and graph this improved expression for the ion—
electron heat transfer rate in the case monoenergetic ions.
The results are shown in Figs. 2—4 (along with the results for
the Maxwellian ion case) for plasmas consisting of pure light
hydrogen, pure deuterium, and pure *He, respectively. In the
graphs, the effective ion temperature has been defined as
T=2E/3.

Since the most important feature about the interactions
of the ions with the electrons is that the ion speeds are typi-
cally much smaller than the electron thermal speed, one
would expect that the heat transfer rate would depend only
on the mean ion energy and not the particular ion distribution
shape (except at very large temperature ratios, 7;/T,~1000,
when the mean ion and electron speeds start to become com-
parable). This behavior is indeed quite evident in Figs. 2—4.

Based on the comparison with the analytical and code
results for Maxwellian ions, this monoenergetic ion answer
appears to be fairly accurate. However, techniques for ob-
taining an even more precise analytical answer for the mo-
noenergetic ion case are discussed in Appendix B.

VI. CONCLUSIONS

Corrections to the classical Spitzer rate of ion—electron

energy exchange were calculated for the case of large T,/T, -

ratios. The results of these calculations are substantially
more accurate and more broadly applicable than the original
result of Rosenbluth.?

A useful expression for the correction factor is

/
P [ me T\
(Pie)Spitzer m; Te

Z?ni m, T; a3
Xexp{—(3.52 ~—-) .
; .

(56)

This result assumes that all of the ion species are Maxwellian
and at the same temperature T;. If the ions are non-
Maxwellian, an effective ion temperature for use in the
above equation may be defined in terms of the mean ion
energy, T;=2(E;)/3. Note that this simple approximation
yields accurate results only for the temperature range
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mp 1 for m, (v dv’v'(v’3+%(Te/E,-)vz)
——f dov® exp
meU; Jo

T,

—f dov
vi

0 (v"3+03)

[m, J””d y m, Jv dv'v' (" +XT,/E)v?) !
T, Jo U P T, S (v"3+0) ‘

(55)

L2
Zinym, T;

Pt
oy Te<50. (57)

=

ne

For temperature ratios larger than this range, the approximate
answer given above begins to underestimate the actual heat
transfer, so in such cases one should use the results of one of
the more sophisticated calculations presented in the paper.

These more accurate analytical expressions for the cor-
rection factor were numerically integrated and graphed using
Mathematica, and the results were summarized in graphs for
plasmas of various compositions. The results generally agree
with those obtained by Galambos!"'? with a Fokker—Planck
code.

As presented in Appendix B, iterative methods may be
employed if one desires to obtain even more accurate ana-
Iytical expressions for the correction factor for the two cases
of Maxwellian ions and monoenergetic ions.

The correction factor derived in this paper may be incor-
porated into calculations of electron energy balance and
bremsstrahlung radiation in order to improve the accuracy of
those calculations.'®
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APPENDIX A: FOKKER-PLANCK CALCULATIONS
FOR GENERAL ISOTROPIC VELOCITY
DISTRIBUTIONS

1. Rosenbluth potentials

For isotropic velocity distributions, the Rosenbluth po-
tentials (12) and (13) may be integrated over all angles in
velocity space as follows (@ is the angle between u and v):

fp(u)u? sin 6 du dé
Vu?+v?—2uv cos 6

mytmg

haB(V)=2W
ma+m’3
Mp

X[f duu’fg(u) Ju? +v*—2uv cos BJ"
0

uy

_ma+m5

f:(du amu®)f olu)

Mg

- (A1)

ue(v—u)-l-ve(u—v)]
X b

in which ©(x) is the unit step function.
Similarly, one finds that

gaB(v)=27rffﬂ(u)\/u2+v2—2uv cos 6 u* sin 0 du dé

{f duu’® fﬂ(u)(u2+02—2uv Cos 9)3/2}"

3uv 0

I

c =16172e4 In AZ2Z5, i 2] ¥l
p mp? o

3

_ 167%¢* In Azﬁz2 fa
m,u

2
a

_ 167 mAzzzﬂ *f o
Im

fal [v 2
5 [ s 5 -

l;U

For like particles the collision operator becomes

0 3 { f du fB(u)u +f du fa(u)u

Fs 3[ fdufﬁ(u)u +v f du fa(u)u—v f du fg(u)u

f du fg(u)u

1 o
=3 fo (du 4wu2)f3(u)

[u(u2+ 30)O(v—u)+v(v?+3u?)6(u~v)
X w0 R
(A2)

The following derivatives of the Rosenbluth potentials are
also needed for the calculations presented in this paper:

o"haﬁ ma,-!-mﬂ 1 v 5 .
7 -—41'r( g _ZJ'O du falu)u; (A3)

v

62gaﬁ d 4 j 4 3 ut 5
PR A 703 u fg(u) u? uv
+20fo du fﬂ(u)u]

8 I fe w0
=T7T {5’ fo du fa(u)u’+ fv du fﬁ(u)u}.
(A4)

2. Collision operators

The collision operator between two species which was
given in Eq. (21) may not seem immediately familiar, so it
will now be explicitly shown that this expression for the
collision operator reduces to a previously published result.
Calculating the divergence in Eq. (21), one finds

+fa f du fglu)u })

fa f:du fﬁ(uw}

707 [ f du fB(u)u +J du fﬂ(u)uJ

16m2e* In AZ% { 42
Coa= me 2“ a[afa[ fdufa(u)u“-!—f dufa(u)u}

3me,

2 4
+f““dufa<u)( == o

8me* In AZY [ 2 &f,
= 3

m, 5 vt

4 df,

£ v u
30 T [L du ft,,(u)u-—J'0 du fa,(u)u( 1~;

This last expression for C,, matches Eq. (1) of Ref. 8.
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2 3
+ 5 fv du f(u)u

1 (v ©
[5? Jy it st [

#3728 Fol0) oo )}. (a3)
+3[fa(v)]2J

+2[fo(v)]
1+2v } (A6)
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APPENDIX B: EVEN MORE ACCURATE (BUT NAST|ER) HEAT TRANSFER EXPRESSIONS
1. Improved answer for Maxwellian ion case

It should be possxble to obtain an even more accurate answer by returning to the full nonlinear first-order differential
equation for the electron distribution function in the presence of Maxwellian ions, Eq. (26). This first-order equation for f, may
be iterated, so that the coefficients are found by using a less accurate expression for the distribution, which will be denoted

E:

%%{ fdv f*(v’)v’4+? f dv’ f¥w' v’ +Z ?y%[geﬁ(%)—%exp(—%)”

2 v (B1)
Sl

Solving this equation, the iterated solution for the distribution function expressed in terms of the previous iteration’s solution
is

m; Ugi Uy

+fe(U){f dv' f*(v’)v’2+2 i E[g@l‘f(it)—-?—exp

10| - [fav b [ s S [ E o 2) 2 ol 2

JOL JO 2@ m,L Z \‘Un-/A Uy \ U”-/“
, 32211 v T v'\ v’ v'? !
X[ Jv dv” ‘f(v”)v"4+v’3f dv” f*(v”)v”+2 4 gerf( )—E_eXP A ‘ . (B2)
ti ti

One may then find £,(0) directly from the normalization condition as usual. .
1If one begins the iteration process by assuming that f; *(v) is Maxwellian and charactenzed by the thermal velocity v,e ,
then the distribution function of Eq (B2) becomes
v !
erff —
Uy

ooy P /v ’ V,2 A 2
fe(v)=fe(0)exp[ ~2|’ ["—”;’— [ > [g er_f(.“_) v exp( _ %T) } N gjj Zin, m,

Ute Ute te te |. h, m;

) el )

Uy

l

T

!

37 Z2np? e 2 v 2\ 7! ' (B3
—— —— | erf| —| — — exp| — .
i 4 npU ;e Uy 7'7; Uy P —1—1?;— ,
I
Note that by using the series expansion for v’ <v,, one finds Even more accurate distribution functions could be
. , 2 found by using Eq. (B3) or a simplified form of it as the
_\E . vy v ex v basis for further iterations with Eq. (B2).

2 T \v] U PLT 7)_,2: Once a distribution function of the desired accuracy has
been obtained, it can be used to find the effective electron
temperature, as given by Eq. (B6), and the correction to the

® (—1)" P\ [\ 2 (=1) o'\ Spitzer ion—electron energy transfer rate,
“’EO nl(2n+1) (7) —(U—)E n! (v") P. Jm T. ( m, T,-)3/2
(Pie)Spitzer 2 (.Ti—Te) m; T,
«© _1\n+l 1\ 2n+1 1\ 3
-y & ( 2n )(U_) =%(.’.’_) [ 0
i 2n+1/\v, 3\ v 7.00)
S5+ 5l ol rle) VrediE)
—— =] +={—] —O{{—] {+--. (B4 X — ==
5 (Ute 7 Ute Ute . ) V:T- m, Ti exp [
By taking just the first term of this expansion, making the ‘ Ve fe(U)
approximation v >v,;,, and defining the critical velocity v, as ——erf| — = f dvv 7.00)
before, the distribution function of Eq. (B3) reduces to the H ¢
simpler form used in Sec. IV. (B5)
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Another possible improvement involves refining the defini-
tion of the electron temperature. For the case of significantly
non-Maxwellian electrons, it is desirable to accompany the
heat transfer expression by a definition of the effective elec-
tron temperature ©,=2(E,}/3, where (E,) is the mean en-
ergy per electron. One finds that

6=21fxd4 2(1 2)
e—gn—e o( v wv)imev fe(v)

2 Jo dun® fo(u)
=3 dwl £,
in which u=v/v,,.

Numerical integration with Mathematica revealed that
using the distribution function of Eq. (B3) produces only
minute alterations in the graphs which were presented earlier.
Likewise, plotting the heat transfer correction factor versus
T;/0, (as opposed to T,/T,) only makes very slight alter-
ations in the curves, since T, and O, only begin to diverge
for large values of T,/T,, where the correction factor is
nearly flat with respect to the temperature ratio.

More appreciable improvements might be gained from
iterating the electron distribution function at least once more
or by expressing all of the integrals in terms of 6, instead of
T, (being careful to maintain self-consistency with the new
definition throughout the derivation), but these possibilities
were not tested computationally, as the resulting expressions
could not be numerically integrated within a reasonable time
on the sort of computers presently available to the authors
(Macintosh Quadra 610).

(B6)

2. Improved answer for monoenergetic ion case

As in the case of Maxwellian ions, an even more accu-
rate answer may be obtained by returning to the full nonlin-
ear first-order differential equation for the electron distribu-
tion function, Eq. (49), and iterating. The next iteration
expression for f, written in terms of the previous iteration’s
less accurate expression, f7 , is

fe(v)=Ff.(0)exp —Jov dv’v’ 3fov’dv” U

3Z,-2ni mee ,
4ar ;17 (0" =v)

+2

vl’ . o«
X fo dv"ff(v")v"“-*—v“ju,dv"f;k(v")v"

Z;ni
+y - 0O’ —v;)
i
vl3 -1

+ l)_ G(U,-—v’)

1

4qr

(B7)

As usual f,(0) is calculated directly from the normalization
condition.
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If one begins the iteration process by assuming that
F¥(v) is Maxwellian and characterized by the thermal veloc-
ity v, , then the distribution function of Eq. (B7) becomes

3 \/;rfv'
U,ze 2 2e Uye

vido'v!

fe(v)=f.(0)exp -2f0

v’ v'? +S 3w Zin; m,
~ —exp| — - —€
7 ?l; ; 4 n, m;
3w v’
XO(p' —v;) ) Terf .
te
U, U,Z +E \/—;Z?ni
— —exp| ~ ~ ~
Uy Uy, : 2 n,
v? v'? -1
X|~ 6@ ~v)+—— O(v;—v’)
Ute Ul

(B8)

Note that by using the series expansion for v,;<v'<uv,, this
distribution function reduces to the simpler one found given
in the previous section.

Even more accurate distribution functions could be
found by using Eq. (B8) or a simplified form of it as the
basis for further iterations with Eq. (B7).

Once a distribution function of the desired accuracy has
been obtained, it can be used to find the correction to the
Spitzer ion—electron energy transfer rate,

*_Pt-e_z\ﬁL(qu)“
(Pie)Spitzer 2 (%Ei_Te) 3m; T,

m; 1 v 2f‘,(v) ® fe(v)
m_e{f,-fo dvv fe<0)"f,,i ‘”’fe(O)}

Tﬁ * zfe(v) -
V7, fo dvv mm} ’

as well as the effective electron temperature, as given by Eq.
(B6).
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